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In this paper a new “element independent” finite-element modelling and analysis method for the efficient modal

analysis of structural elements is presented. At the core of this method is the use of a single, high-order (p

formulation), brick-type finite element for modeling one-, two-, and three-dimensional-like structural elements. The

use of a single element guarantees speed and flexibility in the (re)modeling of the structure and solves the consistency

and the convergence problems connected to finite-element analysis in preliminary design. The performance of this

approach is evaluated on the modal analysis of unconstrained panels made of an isotropic material and having

different thicknesses and different curvatures. Comparison with results from traditional linear shell finite-element

models shows that, with the new method, in most of the cases analyzed, accurate results can be obtained with fewer

degrees of freedom. In the worst cases the results are comparable (in terms of convergence rate and number of

degrees of freedom needed to calculate a converged solution) with those obtained from shell linear models.

I. Introduction

I N THE preliminary phase of the design cycle, the frequent
changes in the geometrical, conceptual, and physical properties of

the configuration and the lack of experimental data challenge the
design team to keep the models used for design up to date.

Changes in geometry andmaterial, for example, directly affect the
finite-element (FE) modelling. As a result, a large amount of time is
spent preparing, modifying, and updating the models to follow
modifications in the design. These operations, very time consuming
and normally performed by hand, restrict the time dedicated to the
design phase. Therefore, a fast and flexible way of modifying the
properties of the design is crucial.

Furthermore, the ability to predict with high accuracy and limited
computational cost the properties of different design concepts is
fundamental for the success of the project, both in terms of meeting
its requirements and reducing the operating costs. For example,
errors in the evaluation of the flutter speed in the preliminary design
phase that are recognized only when experimental data from ground
vibration, flight, wind-tunnel tests become available, can lead either
to an expensive redesign of the complete concept or the introduction
of major modifications, like weight penalties or flight envelope
limitations, of the final configuration. The possibility of using a fast
and accurate numerical tool is the solution for limiting the
uncertainties in the preliminary design phase.

One fundamental step in the determination of the flutter speed of
an aircraft is the calculation of the modal shapes and the natural
frequencies. The current approach followed in the industry for the
determination of the modes is to derive reduced models, based on
beam finite elements and lumpedmasses conveniently placed, from a
very detailed FEmodel. Each time amodification is introduced in the
properties of the configuration analyzed, new reduced models must
be generated and the reduction process is neither straightforward
nor simple.

The goal of the FE modeling approach proposed in this paper is to
provide a tool capable of the following: 1) a complete automatic FE
meshing and (fully converged) analysis, limiting to a minimum the
interaction with the user; and 2) the calculation of fast and accurate
solutions that make use of a full model, thereby overcoming further
approximation introduced by the use of beam reduced models.

To understand how to achieve these goals, we should consider the
two main problems faced by an automatic mesh generator when an
FE model is created: the consistency and the convergence of the
model.

Consistency is related to the type of finite element to be used for
modeling a certain structural part. AnFEcode provides awide choice
of elements, any of them having their own field of application and
limits. Each of them is guaranteed to be optimal for certain
applications and is suitable for modeling specific structural parts. An
experienced FE analyst knows where to place a certain kind of
element andwhy.An automaticmesher should be able to do the same
or circumvent the problem. An ideal approach would be the use of a
“general” element, capable of representing the behavior of one-,
two-, and three-dimensional structural elements.

Convergence of themodel is related to the choice of the number of
elements necessary to achieve the required degree of accuracy of the
solution. In the current practice the acceptance of convergence is left
to experienced people, but in an automatic mesh generator/analysis
tool, where every decision is rule based, there should be a criterion to
define this number. In theory, a convergence analysis should be
performed to determine the right number of elements to be used, for
example increasing the number of elements within the structural
component. This is not an efficient approach when dealing with the
mesh of a complete aircraft in the preliminary design phase. The
solution could be the use of elements guaranteed to have a high rate of
convergence as well as an easier approach in the convergence
verification.

A solution to the problems of consistency and convergence can be
found in the use of finite elements based on higher order shape
functions, specifically in the form of “p-formulation” and “brick”
finite-element types.
P-formulation finite elements were introduced by Babuska et al.

[1]. For this class of finite elements, convergence is achieved by
increasing the polynomial order of the shape functions, built through
the use of hierarchical polynomials [1], such that every time the order
of a polynomial is increased, new degrees of freedom are added.

Thefirst advantage of the proposed approach stems from the use of
a brick-type finite element based on a fully three-dimensional
formulation for the displacement field. The lack of any a priori
assumptions on the kinematics or the geometry of the structure, in
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contrast with formulations based on thin plate theory [2], makes this
element suitable for representing any kind of structural part, that is,
both thin and thick shells and beams [3]. Therefore, only one kind of
finite element can be used tomodel and analyze a complete structure,
with the potential of bringing a major improvement in speed and
flexibility to the first modeling phase of the structural analysis or
when modifications in the structural model are introduced and a new
FE model must be generated.

Another advantage of the present approach comes from the use of
a finite element based on high-order shape functions in the form of
the p formulation. It is known that, with the commonly used linear
interpolation shape functions, locking phenomenon [4–6] can occur.
It is due to the inability of the lower order shape functions to correctly
interpolate the displacement field, leading to an overestimation of the
stiffness of the element. Several remedies, such as selective and
reduced integration, incompatible modes, and assumed strains [7],
are implemented in commercial finite-element codes to avoid
locking. In the present work, the use of high-order shape functions
directly eliminates the occurrence of this phenomenon without
recurring to any numerical treatment.

A further advantage stems from the fact that in the p elements the
order of the shape function is not fixed; it can be varied in principle to
any value. Adaptive analyses can be performed, deciding a starting
order for the polynomials to be used and increasing it until a certain
convergence criterion has been satisfied or when a maximum
polynomial order has been reached. Convergence checks on
complex structures such as awhole aircraft become feasible, whereas
by using common linear elements, or using other higher order
formulations where the order of the polynomial is fixed, like in
Morino et al. [8], this would not be possible without regenerating the
complete mesh several times. It is industry practice to generate just
one final mesh with the number of elements defined a priori by
experienced people, or, especially for modal analyses, reduced
modelsmade of beams and lumpedmasses are created. Thesemodels
are not always affordable, especially in structures made of compos-
ite materials where the reduction process is even more difficult. P-
formulation elements make the convergence check process easily
automatable and this is particularly important in the preliminary
design/multidisciplinary optimization environment, where no
experimental data are available and product properties derivation
relies heavily on numerical calculations.

II. NASTRAN Implementation of P Elements

The commercial finite-element package NASTRAN [9] offers the
possibility of using the p elements in performing both static and
normal modes analyses. Convergence of a solution can be achieved
by reducing the elements’ size (referred to as h convergence) or
increasing the polynomial order of the shape functions (referred to as
p convergence).

Adaptive analysis can be performed by varying the polynomial
order of the shape functions independently in each element, and for
each element varying the order along each of the three directions of
its natural coordinate system independently. The user can select for
each finite element or for a group of finite elements a minimum and a
maximum polynomial order for the shape functions for any of the
directions of the natural coordinate system. A first solution is
calculated using theminimumpolynomial order, and then the error of
the solution is estimated using stress discontinuity and strain energy
sensitivity methods [10,11].

Depending on the error estimation, the polynomial order is
increased independently on each local direction and for each element
autonomously. A new solution is calculated and a new error is
estimated. The process stops when the error for each element is
below a threshold value input by the user or when a maximum
number of computational steps has been reached. The adaptive
analysis has the advantage of being fully automated, as only one
mesh is needed and the changing of the polynomial orders is
performed internally, offering the possibility to automate the analysis
process.

III. Modal Analysis of Flat Plates

The determination of the modes and the frequencies of a structure
requires the solution of the classical free vibration equations:

M �u�Ku� 0 (1)

where M is the mass matrix, K is the stiffness matrix, and u is the
displacement field. In the frequency domain, Eq. (1) can be rewritten
in the form

� !2M ~u�K ~u� 0 (2)

known as the generalized eigenvalue problem, where ~u is the Fourier
transform of the displacement vector u� u�x; t�. To keep the
problem as general as possible, it is convenient to make the system
nondimensional with respect to somematerial properties, considered
isotropic, like the Young’s modulusE and the density �. The system
(2) can be rewritten in the following form [12]

� !̂2M̂ ~u�K̂ ~u�0 (3)

~v� ~u

L
; !̂2 � !2

�

E
; M̂�M

�
; K̂�K

E
(4)

The nondimensionalization has been performed in NASTRAN,
setting E� 106 (this high value has been chosen to avoid numerical
problemswith frequencies that are too small), �� 1, and the Poisson
number to �� 0:225, equal to the one of the aluminum alloys.

In this section, a modal analysis of an unconstrained flat, square
plate of isotropic material having different aspect ratios (defined as
the ratio between the side length of the square plate and the thickness)
is performed. The plate is modeled using solid brick elements with p
formulation (CHEXA) and four noded linear shell elements
(CQUAD4). Bothfinite-elementmodels use a consistent formulation
for the mass matrix. The convergence histories of the natural
frequencies versus the number of degrees of freedom are evaluated.
Results are presented up to the eighth nonrigid mode. The modes are
named according to the corresponding frequency, in ascending
order, so that the first mode corresponds to the lowest (nonzero)
frequency. The frequencies’ results are truncated to the third
significative digit. From a purely mathematical standpoint, all
significative digits should be retained in the presentation of the
results but, for the purposes of a preliminary design environment, a
few digits can be acceptable for evaluating the convergence of a
computation.

A. Thick Plate

The plate analyzed has dimensions of L1 � L2 � L3�
1 � 1 � 0:01, Fig. 1. According to the classical plate theory [2], a
plate with such a thickness is referred as a “thin” plate, with all the
deductions coming from such a hypothesis. Unlike the classical
theory, this plate is referred to as thick, as its thickness is of the order
of a centimeter, thus 1 order of magnitude higher than the thickness
of a typical aeronautical panel, whose thickness is of the order of
millimeters.

When the plate is meshed using solids, the number of elements
along the thickness must be specified. As the thickness is “small”
compared with the in-plane dimensions of the plate, this should
imply that less elements are needed along the thickness. To
investigate this aspect, a sensitivity analysis has been done on the

Fig. 1 Flat plate geometrical parameters.
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effect of the number of elements chosen for the mesh along the
thickness on the calculated natural frequencies. For this sensitivity
analysis, the polynomial order of the p elements has been kept fixed
and the convergence has been checked, just increasing the number of
elements in the in-plane directions and keeping fixed the number of
elements along the thickness. Figure 2 shows the trend of the second
and third frequencies versus the number of degrees of freedom of the
model for one, two, and three elements along the thickness. As can be
seen, the solution does not depend at all on this number; thus, in the
following calculation only one element will be put along the
thickness of the plate.

In addition, the p formulation allows the choice of the polynomial
order of the shape functions along the three edges of a solid element.
Because of the small thickness of the plate, the solution is expected
not to be sensitive to the choice of the polynomial order along the
thickness provided that it is high enough to prevent locking of the
element. Thus, a sensitivity analysis on the choice of the order of the
polynomials along the element thickness has been performed.

Figure 3 shows the trend of the second and third frequencies versus
the number of degrees of freedom of the system considering three
different choices for the shape functions order: fifth order for the two
in-plane directions and fifth, third, and second order along the
thickness, labeled respectively brick-p5, brick-p553, and brick-
p552. The figure shows that when the order of the polynomials
along the thickness is lowered, the solution is not affected at all, that
is, the curves are shifted on the left-hand side, which indicates a
reduction in the size of the system, thus, a reduction in the
computational time.

Following these results, the calculations performed with the solid
p elements have been done with one element and second-order
polynomials along the thickness.

A convergence analysis of the natural frequencies of the square
plate has been performed for both the shell and solid models, by
increasing the number of elements along the in-plane edges, that is, in
the standardway (h convergence). Themode shapes of the first eight
modes are shown in Fig. 4. For the solidmodel, based onp elements,
the choice of the polynomial order is free.

Three different orders have been selected for the in-plane edges, in
particular, third, fifth, and seventh, resulting in three solid models.
Thesemodels are referred to in the figures as brick-p332, brick-p552,
brick-p772.

Figures 5 and 6 represent the frequencies versus the number of
degrees of freedom. The meshes selected start at one element per
edge and go up to the number of elements at which convergence is
achieved. The result is considered convergedwhen the last three runs
give the same result (first three significative digits coincident) for the
frequencies. In Fig. 5, the result obtained using one element for the
case brick-p332 has been removed as it was off by more than 20%
from the converged result.

Figures 5 and 6 show that, depending on the polynomial order
chosen, the solidmodel is able to behave exactly as the shell model as
converged values are the same except for the first, sixth, and eighth
mode for which the shell model predicts a converged value slightly
different from the solid models (the difference is at the third decimal
digit). The first five mode shapes define the “base”-type plate
vibrations. The remaining mode shapes (six–eight) are the higher
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Fig. 2 Sensitivity analysis for the number of elements along the thickness.
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(spatial) frequency modes corresponding to modes three, two, and
four, respectively. Among the first five modes, the convergence rate
of the solid and shell models are almost the same as for the shear
dominated modes, Figs. 5a and 5d. For the bending dominated

modes, Figs. 5b, 5c, and 6a, the p version has a higher rate of
convergence, which increases with higher polynomial orders. Using
a seventh-order polynomial expansion, the converged results can be
obtained just using one element to mesh the square plate. For the
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Fig. 5 Comparison of the h-convergence histories of the shell and solid models for modes 1–4 of a thick plate.

Fig. 4 First eight mode shapes of the square plate.
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Fig. 7 Comparison of the h- and p-convergence histories of the shell and solid models for modes 1–4 of a thick plate.
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Fig. 6 Comparison of the h-convergence histories of the shell and solid models for modes 5–8 of a thick plate.
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remaining modes, (6–8 of Fig. 4) the convergence rate of the solid
models is still higher than the shell model, but an exact match
between the converged values of the frequencies can be achieved
only by the fifth and seventh polynomial order in some cases.

The traditional approach for the convergence analysis requires the
generation of severalmeshes.Using thep elements another approach
can be followed: generating one single mesh and increasing the
polynomial order until a converged result has been achieved. A
comparison between the standard and the polynomial convergence
analysis is performed.

Figures 7 and 8 show the convergence curves for the shell model
and the solid model, obtained by increasing the number of elements.
In addition, the convergence curves for the solid model performing
an adaptive analysis are plotted; in this case, an initial mesh is chosen
and then, starting from the second order, the polynomial expansion is
increased until the seventh order is reached in the adaptive analysis.
Three initial different meshes are chosen, based on one, two, and
three elements per (in-plane) edge. The corresponding convergence
curves are named respectively brick-p772-adapt-1, brick-p772-
adapt-2, and brick-p772-adapt-3. The maximum polynomial order is
set to seven, to verify that the result obtained by the adaptive analysis,
in which the polynomial order is increased during the analysis, is
coincident with the result obtained in the standard way, with a fixed
polynomial order (curve named brick-p772). Of course the
polynomial order can be raised to any order until convergence is
achieved.

For a better comparison of the results, the scale of the figures has
been chosen to include frequencies within 10% of the converged
value. The figures show that for the first three modes, using just one
finite element, a converged result can be obtained with at least the
same rate of convergence as the shell model, but using less
calculation steps (only three) and with less degrees of freedom. From
the fourth mode on, a mesh of 2 � 2 � 1 elements ensures a
converged result within a few percent of the converged one just at the
second adaptive step. The same accuracy for each of the eight modes
can be achieved by using a 3 � 3 � 1 elements mesh, whereas for the

shellmodel the number of calculation steps (each one associatedwith
a completely new mesh generation) is at least six. Moreover, it must
be noted that none of the meshes used for the adaptive computations
achieve the same converged result of the brick-p772 curve for the
“higher order”modes 6–8; nevertheless, the difference is at the third
decimal digit.

The comparison of the number of degrees of freedom needed to
achieve a solution within a certain accuracy is one method of
comparing the performance of the h convergence versus the p
convergence analysis methods. Another way to compare the
efficiency of the two methods is the time needed to obtain a
converged result. Indeed, there is a big difference in the structure of
the stiffnessmatrix for the shell and the solidmodels considered here.
For a shell model the stiffness matrix is sparse, whereas a solid, p
formulation model has a full stiffness matrix, which, ceteris paribus,
is expected to lead to more computational time.
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Fig. 8 Comparison of the h- and p-convergence histories of the shell and solid models for modes 5–8 of a thick plate.
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Figure 9 reports the convergence history of the first frequency
versus the CPU time of each computation for the shell and solid
models. The CPU time is available in one of the standard output files
of NASTRAN. As can be seen, the solid models require two or three
steps of an adaptive analysis to achieve convergence. The time
needed by each of these steps is comparable with the time needed by
the shell model and in some case is even lower. Even from the CPU-
time standpoint, the solidmodels perform better than the shellmodel.
Nevertheless, it must be considered that such a comparison does not

take into account the time needed to regenerate a new mesh for the
shell model at each computational step. For the solid model, the CPU
time comprises the time needed to evaluate the local convergence of
the solid model and to reassign a new set of polynomial orders to the
shape functions used by the p elements. Therefore, such a
comparison can be used to analyze the differences in the solvers of
the eigenvalue problems of the shell and the solid p elements; it
cannot be used to make a distinguishing selection between the two
different analysis methods when compared with each other.
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Fig. 10 Sensitivity analysis for the polynomial order choice along the thickness for a thin plate.

 0.67

 0.675

 0.68

 0.685

 0.69

100 1000 10000

Fr
eq

ue
nc

y 
[-

]

Degrees of Freedom

shell-linear
pelem-p772

brick-p772-adapt-1
brick-p772-adapt-2
brick-p772-adapt-3

a) First mode

 0.94

 0.96

 0.98

 1

 1.02

 1.04

 1.06

 1.08

 1.1

 1.12

10 100 1000 10000

Fr
eq

ue
nc

y 
[-

]

Degrees of Freedom

shell-linear
pelem-p772

brick-p772-adapt-1
brick-p772-adapt-2
brick-p772-adapt-3

b) Second mode

 1.12

 1.14

 1.16

 1.18

 1.2

 1.22

 1.24

10 100 1000 10000

Fr
eq

ue
nc

y 
[-

]

Degrees of Freedom

shell-linear
pelem-p772

brick-p772-adapt-1
brick-p772-adapt-2
brick-p772-adapt-3

c) Third mode

 1.68

 1.7

 1.72

 1.74

 1.76

 1.78

 1.8

 1.82

 1.84

 1.86

10 100 1000 10000

Fr
eq

ue
nc

y 
[-

]

Degrees of Freedom

shell-linear
pelem-p772

brick-p772-adapt-1
brick-p772-adapt-2
brick-p772-adapt-3

d) Fourth mode
Fig. 11 Comparison of the h- and p-convergence histories of the shell and solid models for modes 1–4 of a thin plate.
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B. Thin Plate

The plate analyzed has dimensions of L1 � L2 � L3�
1 � 1 � 0:001. The same analyses carried out for the thick plate are
performed for this case. For the solidmodel, only one element will be
considered along the thickness and the polynomial order along the
thickness can be limited to the second order, as shown in Fig. 10. A
comparison between the convergence behavior of the shell model
and different solid models is performed. The convergence analysis
for the shell model is performed increasing the number of elements,
whereas the analysis for the solid model is performed using an
adaptive method. Three different initial meshes are chosen, based on
one, two, and three elements per edge. The minimum polynomial

order chosen is 3 and themaximum is 7. The curves corresponding to
the three meshes are referred to in the plots as brick-p772-adapt-1,
brick-p772-adapt-2, and brick-p772-adapt-3. Besides the adaptive
analysis, a standard analysis is performed for the solid model,
increasing the number of elements and keeping the polynomial order
fixed to 7. The corresponding curve is referred to in the plots as brick-
p772.

The results are reported in Figs. 11 and 12. The adaptive analyses
with solid elements show a convergence rate higher than the shell
model. For each mode, the number of adaptive analyses needed to
achieve convergence varies from three computations for the brick-
p772-adapt-1 model up to two computations for the brick-p772-
adapt-2 and brick-p772-adapt-3 models, whereas the shell model
requires at least five computational steps. Moreover, the shell model
requires a number of degrees of freedom higher than the solidmodels
to achieve convergence with the exception of the first mode. This
condition is also verified for the nonconverged solutions, starting
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Fig. 12 Comparison of the h- and p-convergence histories of the shell and solid models for modes 5–8 of a thin plate.
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from the second adaptive computation for each of the solid models
considered.

Figure 13 reports the convergence history of the eighth frequency
versus the computational time. Unlike the thick plate, the solid
models of the thin plate take more time than the shell model

considered. This is probably due to the extremely high aspect ratio of
the solid elements. This can create difficulties in the solution of the
system of linear equations for the determination of the modes and
frequencies. Nevertheless, it must be remarked again that the time
spent for the regeneration of the different meshes of the shell model

Fig. 15 First eight mode shapes of the cylindrical panel.
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Fig. 16 Comparison of the h- and p-convergence histories of the shell and solid models for modes 1–4 of a cylindrical panel.
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are not taken into account, whereas the CPU time of the solid models
includes the time spent for the regeneration of the polynomial order
to the FE model. Therefore, the comparison is still related to the
particular eigenvalue problem solver and not to the convergence
process itself.

IV. Modal Analysis of Curved Panels

In the standard approach of the finite-element method, the mesh
refinement guarantees that the geometry is approximated more and
more accurately. In particular, the shape functions describing the
unknown displacement field are also used to describe the geometry,

and the finite element is referred as isoparametric. At the limit, when
the reference size of the largest element tends to be zero, the
representation of the domain is exact. In the p version of the finite-
element method, the mesh, rather coarse, is left unchanged and
convergence is achieved by increasing the order of the polynomial
order of the shape functions. Therefore, it is important that the
geometry of the structure is accurately modeled given the small
amount of elements used. Different methods have been developed to
describe complex geometries with few elements, one of the most
popular is the so-called blending functionsmethod, fromGordon and
Hall [13]. In this case, the mapping from the local coordinates to the
global, Cartesian coordinates of the element is made of the standard
(linear) mapping of isoparametric elements and two additional
mappings consisting of a face and an edge blending [6]. The
additional mappings provide a higher order representation for the
geometry of the element.
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Fig. 17 Comparison of the h- and p-convergence histories of the shell and solid models for modes 5–8 of a cylindrical panel.
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In NASTRAN the curved edges of finite elements are described as
rational parametric cubic curves [14] and the faces are defined as
rational parametric bicubic surfaces [14]. To have such a description
for each curved surface of the finite elements, sixteen additional
points, equally spaced in the two parametric coordinates of the
surface, must be specified in the input file. The points lying on each
edge are also moved so as to maintain C1 continuity of adjacent
edges.

A. Thin Cylindrical Panel

The mean surface of the panel has dimensions of
L1 � L2 � L3 � 1 � 1 � 0:001, Fig. 14. A finite-element model is
created using linear shell elements. Several modal analyses are
performed, generating several meshes. Each new analysis is
performed, doubling the number of elements. A solid model is then
generated. A standard convergence analysis is performed, increasing
the number of elements along the in-plane edges, whereas along the
thickness the number of elements is fixed to one and the polynomial
order is kept constant. An adaptive analysis is then performed
considering three different meshes having one, two, and three
elements per (in-plane) edge. Mode shapes are reported in Fig. 15.

The polynomial order starts from 3 up to 9 along the in-plane
edges, whereas along the thickness the order is kept to 2. The
comparison of the different results is reported in Figs. 16 and 17,
where the curves corresponding to the three adaptive analyses are
referred to as brick-p992-adapt-1, brick-p992-adapt-2, and brick-
p992-adapt-3. For the pure shear mode, Figs. 16a and 15a, the shell
model reaches a converged value with less degrees of freedom,
whereas for the other modes the solid models exhibit a higher
convergence rate and attain a converged value with less degrees of
freedom. The higher convergence rate is exhibited by the bending
dominated modes, Figs. 15b, 15d, 15f, 16b, 16d, and 17b. For the
adaptive analysis made with solids, two or three computations are
sufficient to get converged results, whereas for the shell model, the
number of computations is almost double.

Finally, Fig. 18 reports the convergence history of the eighth
frequency versus the CPU time. In terms of converged values, the
solid models require less computational time (sum of all the CPU
times corresponding to each point of a curve). Conversely, if the
convergence process is stopped when the difference between two
successive computations is relaxed to be a few percent from each
other, then the shell model requires less time than the solid models
(especially the brick-p992-adapt-2, and brick-p992-adapt-3). On the
other hand, the shell model requires more computational steps than

the solid models and therefore more time for interfacing operations
such as mesh regeneration.

B. Thin Spherical Panel

The mean surface of the panel analyzed has dimensions of
L1 � L2 � L3 � 1 � 1 � 0:001, Fig. 19. A comparison between the
convergence behavior of the shellmodel and different solidmodels is
performed. The convergence analysis for the shell model is
performed by doubling the number of elements for each run, whereas
the analysis for the solid model is performed using an adaptive
method with a constant number of elements. Three different initial
meshes are chosen, based on two, three, and four elements per edge.
The minimum polynomial order chosen is 3 and the maximum is 12,
as due to the double curvature the convergence rate is expected to be
slower. One element is taken along the thickness. Mode shapes are
reported in Fig. 20.

The curves corresponding to the three solid meshes are referred to
in the plots as brick-p12122-adapt-2, brick-p12122-adapt-3, and
brick-p12122-adapt-4. Besides the adaptive analysis, a standard
analysis is performed for the solid model, increasing the number of
elements and keeping the polynomial order fixed to 12. The
corresponding curve is referred to in the plots as brick-p12122.

The results are reported in Figs. 21 and 22. The adaptive analyses
with solid elements exhibits a convergence rate higher than the shell
models, but in this case the converged value is slightly different
depending on the initial mesh used, so in this case the solid
formulation needs elements with an aspect ratio lower than a single
curvature or aflat panel. The converged value is achieved using about
the same number of degrees of freedom of the shell model, except for
the first, pure shear mode, in which the shell model performs better
than the solid ones. In any case, the number of calculation steps
required by the shell model is almost double the number of
computations for the solid model, and for each computation a new
mesh must be generated. This is easy for a simple panel; it is
practically not affordable for a more complex model, like a wing
structure.

Figure 23 reports the convergence history of the shell and solid
models as a function of the CPU time. In this case, the shell models
perform better than the solid modes, both in terms of the fully
converged solution and in terms of a solution within a few percent of
the converged value. Moreover the h-convergence analysis
performed with the solid model oscillates without reaching a fully
converged value for the meshes considered in the analysis. Probably
the curvature effects due to the geometry of the panel have an effect

Fig. 20 First eight mode shapes of the spherical panel.
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Fig. 21 Comparison of the h- and p-convergence histories of the shell and solid models for modes 1–4 of a spherical panel.
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Fig. 22 Comparison of the h- and p-convergence histories of the shell and solid models for modes 5–8 of a spherical panel.
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on the solution of the system of equation that governs the eigenvalue
problem.

C. Mass Matrix Formulation

For all the comparisons shown so far, the solid and shell models
use a consistent massmatrix formulation, which results in a full mass
matrix. Instead, it is industry practice to employ a lumped mass
matrix formulation for the shell models, resulting in a diagonal mass
matrix. This eases the distribution of the nonstructural masses over,

for example, awing structure, as the nonstructural masses are defined
as point masses concentrated in certain nodes.

The p formulation of the finite elements instead uses a consistent
massmatrix formulation. Themassmatrix is full and, in this case, it is
difficult to evaluate the cross coupling defined by a concentrated
mass.

The choice between a consistent or a lumped mass matrix for a
shell model also has an effect on the convergence rate of the natural
frequencies. Figures 24 and 25 report the convergence analysis for
the double curvature panel analyzed before. A shell model based on
both lumped and consistent massmatrices is created aswell as a solid
model. Convergence is achieved by doubling the number of elements
for the shell model, whereas for the solid model an adaptive analysis
is performed based on a fixed mesh with three elements per in-plane
edge and one along the thickness.

The figure shows that the lumped mass model requires more
computations to achieve convergence than the consistent mass
model. Besides, for a fixed number of degrees of freedom the results
can be much farther from the converged solution than the consistent
mass model. The solid model shows its better behavior as few
computations are needed to achieve convergence.

V. Conclusions

The results presented so far show how solid, p-version finite
elements can be used efficiently to model basic kinds of thin walled
panels, obtaining the same results as a traditional shell modelwithout
any problem in modelling and analyzing very thin structural
elements with solids.

Indeed, in all of the cases examined a converged result is achieved
using less computational steps (i.e., the number of adaptive
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calculations for the solids and the number ofmesh refinements for the
shells), and in most of the cases using less degrees of freedom.

The fact that the shell model sometimes predicts better the shear
dominated modes is probably due to the fact that the shell model
contains as degrees of freedom the rotations, whereas the solidmodel
has only the translations, and the rotations are derived quantities, and
so less accurate.

Moreover, a comparison between the shell and the solid models
has been also performed in terms of the CPU time required to
calculate a solution. For curved panels, that is, cylindrical and
spherical panels, the computations of a shell model seemed to be
faster than that of a solid model. It must be remarked that a “fair”
comparison between the two models should take into account the
time needed by the shell model to regenerate a mesh between two
successive computations. This time could be much higher than the
time needed to compute a solution especially if the remeshing
operations are performed by hand or when performed on more
complex geometries such as a wing. The p formulation, by avoiding
the need for mesh regeneration, makes the whole convergence
process much more flexible and feasible even for complex structures
like a complete aircraft.
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Fig. 25 Effects of themassmatrix formulation, lumped and consistent, on the convergence histories of the shellmodel formodes 5–8 of a spherical panel.

LISANDRIN AND VAN TOOREN 401

http://dx.doi.org/10.1137/0718033
http://dx.doi.org/10.1002/nme.1620260812
http://dx.doi.org/10.1007/BF01396238
http://dx.doi.org/10.1137/0729075
http://dx.doi.org/10.1007/BF01436298

